PP TOA PO HOA Hinh hoc toa dj Oxyz

GIAI HHKG BANG PHUONG PHAP TQA PO HOA

A - PHUONG PHAP GIAI TOAN VA Vi DU MINH HQA
Buwoc 1: Chon hé truc toa Oxyz.
Xac dinh ba dudng thang dong quy va d6i mot cat nhau trén co s ¢6 san ctia hinh (nhu tam dién vudng,
hinh hop chit nhat, hinh chép tir gidc déu ...), hodc dua trén cic mat phang vudng goc dung thém duong
phu.
Buéc 2: Toa dé héa cdc diém cia hinh khéong gian.
Tinh toa d6 diém lién quan truc tiép dén gia thiét va két luan ctia bai toan. Co sé tinh toan chu yéu dua vao
quan hé song song, vudng goc cung cac dir li€u cta bai toan.
Buéc 3: Chuyén gia thiét qua hinh hoc gidi tich.
Lap cac phuong trinh dudng, mat lién quan. Xac dinh toa do cac diém, véc to can thiét cho két luan.
Buiéc 4: Giai quyét bai todn.
Str dung céc kién thie hinh hoc giai tich dé giai quyét yéu cau ctia bai toan hinh khong gian.
Chii y cde cong thirc vé goc, khoang cdch, dién tich va thé tich ...
Céach chon hé toa do mot sd hinh khong gian.
Hinh hp 13p phwong — Hinh hdp chit nhit ABCD.A'B'C'D'’
Véi hinh ldgp phuong . Z
Chon hé truc toa do sao cho : A(0;0;0), B(a;0;0), AvT
C(a;a;0), D(0;a;0)
A'(0;0;a), B'(a;0;a), C'(a;a;a), D'(0;a;a)
Voi hinh hép chir nhat.
Chon hé truc toa do sao cho:

B’ C’

Bl -~

X

A(0;0;0), B(a;0;0), C(a;b;0), D(0;b;0),A'(0;0;¢) ; B'(a;0;¢) ; C'(a;b;¢) ; D'(0;5;¢)
Chu y: Tam dién vudng la mdt nira ctia hinh hop chit nhét nén ta chon hé truc toa d6 twong tu nhu hinh hdp
chir nhat.
Véi hinh h§p dirng cé day la hinh thoi ABCD.A'B'C'D'
Chon hé truc toa d sao cho :

Géc toa do trung voi giao diém O cua hai dudong chéo cua hinh T D’
thoi ABCD A,'\\J ]
Truc Oz di qua 2 tm ciia 2 day e M
Neéu AC =a,BD =b,AA" = ¢ thi Lo c'
Alo;-%0],B/%:00],c[0,%0 L
2 2 2 S
A
- e
X B,_,_/_’,———” 0>~
C
y

D —Q;O;O JA' O;—g;c ,B' é;O;c ,C' O;g;c ,D' —Q;O;c .
2 2 2 2 2

Chu y: Vi lang try dang ABC.A'B'C"' ¢6 day ABC la tam giac can tai B thi ta chon hé toa do twong tu
nhu trén véi gdc toa do 1a trung diém AC, B € Ox,C € Oy con tryc Oz di qua trung diém hai canh
AC,A'C'.
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Hinh chép déu

1) Hinh chép tam giac déu S.ABC, AB = a, SH = h , ta chon hé
toa o sao cho O la trung diém BC, A € Ox,B € Oy .

Khi d6 A( 2[ -0, OJ B(O %;OJ,

C O;—E;O S —a\/g;O;h
2 6

Hinh chép tir gidc déu S.ABCD, AB =qa, SH = h , ta chon hé
toa d0 sao cho O latam day B € Ox,C € Oy, S € Oz . Khi d6:

A(O—a;f j
{i 00] c(oi o] { Tﬁ;o;ol,s(o;o;h)

Chu y: Ngoai cach chon h¢ truc nhu trén ta co thé chon hé truc bﬁng cach khac.
Chang han véi hinh chop tam gidc déu ta c¢6 thé chon H = O tryc Oy di qua H va song song voi BC .

Hinh chép S.ABCD ¢6 SA L (ABCD),SA=h

1) Néu day 1a hinh chit nhét ta chon h¢ truc sao cho
A=0,BeOx,Dec0y,S Oz

Néu day 1a hinh thoi, ta chon hé truc sao cho O 1a tdm cua
day, B e Ox,C € Oy va Oz//SA .

Chi y: Cho hinh chép S.ABC ¢6 SA L (ABC)
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o Néu ddy ABC la tam giac vudng tai A thi cach chon hé truc hoan toan twong ty nhu hinh chép
S.ABCD c¢ day 1a hinh chit nhét.
o Néu day ABC 1a tam giac can tai B thi ta chon hé truc toa do nhu hinh chép S.ABCD c¢6 day 1a hinh
thoi, khi d6 goc toa d¢ 1a trung diém canh AC .

Hinh chép S.ABC ¢6 (SAB) L (ABC)
Puong cao SH = h cua tam giac SAB 1a duong cao cua hinh chop.
Néu tam gidc ABC vuongtai A,AB =a,AC = b tachon hé truc /
saocho A =0,B € 0y,C € Ox,
Oz //SH . Khi d6 A(0;0;0),B(0;a;0),C(5;0;0)

AH =c¢= H(O;c;O),S(O;c;h).

Chuy:

o Néu vuong tai B tachon B=0, vuong tai C chon C = 0.

e Néu tam gidc ASB cantai S, AABC cantai C thitachon H=0,C e Ox,Be0y,S €Oz

T1:1y vao tf{ng bai toan ma co thé thay ddi linh hoa:[ cach chon hé toa do. Trong nhiéu truong hop, phai biét
ket hop kién thure hinh khong gian tong hop va kién thirc hinh giai tich nham thu gon 101 giai.

Vi du 1: Cho hinh chép O.ABC ¢6 OA =a,0B =b,0C = ¢ d6i mot vudng goc. Piém M cb dinh thude
tam giac ABC c6 khoang cach lan lugt dén cac mp (OBC) , mp (OCA), mp(OAB) la 1, 2, 3. Tinh
a, b, ¢ déthé tich O.ABC nho nhat.

Loi giai.
Chon hé truc toa @0 nhu hinh vé, ta c6: 0(0;0;0), A(a;0;0), B(0;b;0), C(0;0;c)
Vi khoang cach tir M dén cac mit phang mp (OBC) , mp (OCA),
mp(OAB) lal, 2, 3 nén M (1; 2;3). Suy ra phuong trinh
z

(ABC): 2 +Y 1221
a b ¢

ViMe(ABC):1+z+§=1
a b ¢

(1).Thé tich khbi chop O.ABC :

1
VOA_BC = gabc .

Tir(1):>1=l+g+§233l.2.§:>—a60227
a b ¢ a b c
N . .1 2 3 1
Vay, min V,po = 27 datduo‘ckh1—=g=—=§ <a=3,b=6,c=9
a c

Vi du 2: Cho hinh chop S.ABCD c¢6 day ABCD 1a hinh vudng canh 2a, SA=a, SB = a3 va mat
phang (SAB) vudng goc voi mat phang day. Goi M, N lan luot 14 trung diém cia cac canh AB, BC . Tinh
theo a thé tich ciia khdi chop S.BMDN va tinh cosin ctia goc gitra hai duong thing SM, DN
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Loi giai.
Goi H 14 hinh chiéu ctia S 1én AB = SH 1 (ABCD)

2
Ta c6: SA% + SB? = AB? :SALSB:AH:%:%,SH:#.

Chon hé truc toa dd nhu hinh v&, ta c6 toa do cac diém:

z

\

A(0;0;0),B(2a;0;0),D(0;2a;0),C(2a;2a;0),H[—'O'OJ,S[E'O'ﬁJ

a

2 J )

M(a; O;O),N(Za;a;O) .

. 1 2 2 2 2

1 _a\/§ 242 = _a3\/§

Thé tich khéi chép S.BMDN : V — %SH.SBMDN -8 .
Vi SM = {%;O;—%}ﬁv = (2a;—a;0) — SM.DN = a?

SMDN| 2 5

Vay cos(SM,DN) = ‘SM.DN = a'\/ga =5

Vi du 3: Trén céc tia Ox,0y, Oz clia goc tam dién vudng Oxyz lan luot lay cac diém A, B,C sao cho
OA =a,0B =aV2,0C =c, (a,c>0).Goi D ladinh ddi dién v6i O cua hinh chit nhat AOBD va M 1a
trung diém cua doan BC. Mit phang (a) qua A, M cit mat phang (OCD) theo mot duong thang vudng
goc v6i duong thang AM.

1. Goi E 1a giao diém cua (@) v6i duong thang OC. Tinh d6 dai doan thiang OE ;

2. Tinh ty s6 thé tich ctia hai khéi da dién dugc tao thanh khi cit khéi chép C.AOBD boi mit phang (a).
Tinh khoang cach tir diém C dén mit phing ()

Loi giai.
Chon hé truc toa @6 Oxyz , sao cho:

0(0; 0; 0), A(a; 0; 0), B(0; av'2; 0),
D(a; a\/§; O), C(0; 0; ¢)
1. Vi M la trung diém cta BC nén

M[O; ﬂ; EJ.

2 2




PP TOA PO HOA Hinh hoc toa dj Oxyz

56(0; 0; ¢), 513((1; a\/E; 0)
= [%, @J = (—ac 2; ac; 0)
Mot véc to phép tuyén ctia mit phang (OCD) 1a npep = (—\/5 ;L 0)-
Goi F = (a)nCD thi EF 1a giao tuyén cta () voi (OCD), taco EF L AM.

A [ a\/§ C
2

Vi AM = ; 5] nén [nOCD,m} = %(1; \/5; 0), do d6 mot véc to chi phuong cua EF 1a

ugp = 1 /2; 0).
Taco [@, m] = %(c 2; —¢; 3\/§a) nén phuong trinh mit phang () 1 :
\/gcx —cy+ 3\/§az - acx/g =0.

Do do6 (a)mOz:E[O; 0; %J:OEzg.

CD 3’

2a'2\/§a_£ :>CF_2
3 3 '3

2. Taco () nCD = F[—,

Ma Veooaps = 2Vcaop = 2Vepop nén
Veearm _ Veasr | Vemer _ 1[ CE CF CM CE CF ] _1
3

CO' CD CB CO CD

Vcoaps  2Vcaop 2Vepop 2
Do d6 ty s6 thé tich hai khéi da dién duoc tao thanh khi cit khdi chop C.AODB béi mit phang () 1a %
(hay 2).

‘3\/§ac - aC\/E‘ 2\/5(10

Khoang cach can tim : d(C, () = = )
\/202 +c2 +1842 3\/02 + 602

Vi du 4: Trong khong gian Oxyz , cho hinh hop chit nhat ABCD.A'B'C'D’ ¢6
A=0,BcOx,DcOy,A'cOz va AB=1, AD=2, AA'=3.

1. Tim toa d6 cac dinh cta hinh hop;

2. Tim diém E trén duong thang DD' sao cho B'E L A'C

3. Tim diém M thuéc A'C, N thuoc BD sao cho MN L BD,MN 1 A'C . T d6 tinh khoang cach giita
hai duong thang chéo nhau A'C va BD

Loi giai.
1. Taco A(0;0;0),B(1;0;0), .
D(0;2;0), A'(0;0;3).
Hinh chiéu cua C 1én (Oxy) 1a C, T
hinh chiéu cia C 1én Oz 1a A nén .
C(1;20).
Hinh chiéu cua B',C',D"' 1én mp B’ E

Dr

(Oxy) va truc Oz lan luot 1 cac diém

\ 1 A A
B,C,D va A' nén S D ¥
B'(1;0;3), C'(1;2;3), D'(0;2;3). RN
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2. Vi E thudc duong théng DD' nén E(O; 2;2) , suy ra B'E = (—1; 2;z —3)

Ma A'C=(2-3)nén BELA'CoBEAC=0o-1+4-3(2-3)=0oz=4.
Vay E(0;2;4).

3.Pit A'M =x.A'C; BN = y.BD

Tacd AM = AA'+A'M = AA'+ x.A'C = (x;2x;3 - 3x), suy ra M (x;2x;3 - 3x)

AN = AB + BN = AB + y.BD = (1- ,2y;0) = N (1- y;2y;0)
Theo gia thiét cua dé bai, ta co: @iC =0 (%)
MN.BD =0
Mi MN = (1-x-y2y-2x;3x-3),A'C = (1;,2-3), BD =(-1,2;0)
Khi @6 (*) tro thanh

53
— _ _ X =—
1—3c—y+4y—4x—9x+9—0(1::> 14x+ 3y = 10(1:> 61
“-l+x+y+4y-4x=0 -3x+5y=1 44
61
53 106 24 17 88

O M| ——;——=;——|, N| —;——;0].

Do do [61 61 61] [61 61 ]
Vi MN la dudng vudng goc chung clia hai duong thang A'C, BD

t(4°C.BD) <3N (1] + 3207 + G0 - OL

Vi du 5: Cho hinh chép S.ABC c6 day ABC la tam giac vudng can tai B, AB = BC = 2a ; hai mit phang
(SAB) va (SAC) cung vudng gboc v6i mit phing (ABC). Goi M 1a trung diém ctia AB; mit phang SM va
song song véi BC, cit AC tai N. Biét goc giira hai mit phang (SBC) va (ABC) bang 60°. Tinh thé tich khdi
chop S.BCNM va khoang cach giita hai duong thang AB va SN theo a

Loi giai.
Vi hai mit phang (SAB) va (SAC) cung vudng goc vi mit phang (ABC) nén suy ra SA L (ABC).
Chon hé truc toa d6 nhu hinh v¢€, dat SA = x,x > 0
Vi MN //BC = N 1a trung diém canh AC S
Toa do cac dinh la:
B(0;0;0), A(2a;0;0),
C(O; 2a; 0), S(2a;0; x),

M(a;O;O),N(a;a;O)

AZ

A

X
Suy ra BS = (2a; O;x),R‘ = (O; 2a; 0) = [B—S, ﬁ] = (—Zax; 0; 4a2)
Do d6 n = (x;0;-2a) 13 VTPT cia mit phing (SBC)
% = (0;0;1) 1a VTPT ctia mit phing (ABC)
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2a 1

Theo gia thiét ta co: = c0s60° = 1 <:> 22 - 4% =124% = x =23

‘ ‘ ‘k‘ x2 + 4a2

Vi M,N 1a trung diém ciia AB,CB nén

S lg S S 3a”
AAMN = 4 ©AABC = OBMNC T 1 °PMBC T T,

Tir d6 suy ra thé tich khdi chop S.BMNC 1la:

1 1 3a2 3
VS.BMNC = gSA'SBMNC = 5.2(1\/5.7 =a \/5

Ta co: BA - (2a; 0; 0),5\7 = (—a; a; 2a\/§),ﬁ\f = (a; a; O)

Suy ra [EA,W} = (O; —4\/§a2;2a2) = [EA, STVJ BN = —4\/§a3

Vay d(AB,SN) = ‘[

BA,SN].BN _4a%3 2039
‘[E&g\f] 2\/Ea2 13

B - BAI TAP

Cau 1:

Cau 2:

Cho hinh chép S.ABCD , diy ABCD 1a hinh vudng canh @, S4 vudbng goc véi mit phing
(ABCD); M, N hai diém nim trén hai canh BC, CD. Pit BM =x, DN =y (0<x, y<a).
Hé thirc lién hé giita x va y dé hai mat phang (SAM ) va (SMN ) vuong goc voi nhau la:

A. x2+a2=a(x+y). B. x2+2a2=a(x+y).

C. 2x2+a2=a(x+y). D. x2+a2=a(x+2y).

Cho hinh chop S.ABC c6 SA vuong gdoc voi mat phang day. Goi M latrung diém cua BC va H
1a trung diém cia AM . Biét HB = HC, HBC = 30°; goc giita mat phang (SHC) va mit phing
(HBC ) bang 60°. Tinh cosin ctia goc giita duong thang BC va mit phang (SHC ) ?

VRS g Y13, e p. L.
2 4 4 2

Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh vudng canh a, mit bén S4B 1a tam giac déu va
nam trong mit phang vudng goc voi mit phang (ABCD) . Goi G latrong tdm cua tam giac SAB
va M, N lan lugt 14 trung diém cia SC, SD (tham khao hinh v& bén). Tinh cosin ctia goc gitta hai
mit phang (GMN) va (ABCD).

A2 g Y13, p.
13 13 6
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Caud: Cho hinh chép S.4BC co day ABC 1a tam giac vudng tai 4, ABC =60°, BC=2a.Goi D la
diém théa man 3SB = 25D . Hinh chiéu cua S trén mat phfmg (ABC ) ladiém H thudc doan BC
sao cho BC =4BH . Biét S4 tao voi day mot goc 60°. Goc giita hai duong thang AD va SC

bang
A. 90°. B. 30°. ‘C. 60° . ) i D. 45°. i
Cau 5: Cho hinh 1ap phuong ABCD.A'B'C'D' canh bang a. Lay diém M thudc doan AD', diém N
thudc doan BD sao cho AM =DN =x, {0< X <§j. Tim x theo a dé doan MN nga"m nhét.
A x=2, B, =02 C. @2 D. x=2.
2 3 4 3

C - HUONG DAN GIAI 7
Caul: Cho hinh chop S.ABCD , day ABCD la hinh vuéng canh a, S4 vudng goc véi mat phang
(ABCD); M, N hai diém nim trén hai canh BC, CD. Pit BM =x, DN =y (0<x, y<a).

Heé thire lién hé giita x va y dé hai mat phang (SAM ) va (SMN ) vuong goc voi nhau la:

A. x2+a2=a(x+y). B. x2+2a2=a(x+y).

C. 2x2+a2=a(x+y). D. x2+a2=a(x+2y).
Huwéng din giai

Chon A

Toadd hoéavoi O=A, Ox=AD, Oy=AB, Oz=AS.

bat SA=z>0,tacod S(0;0;z), M(x;a;0), N(a;y;0).
AS = 0;0; R,

Do dé{ (0:0:2) = | 4S; AM | = (-az;x;0).

AM = (x;a;0)
SM = (x;a;— SV SN
. (x3a Z):[SM;SN]:(yZ—az;xz—aZQXy_az)'
SN =(a;y;-z)

Mt phing (S4M) nhan [E; W} = (~az; x2;0) 1a mot VTPT.
Mit phiang (SMN) nhan [ST\/L §]\7] = (yz —az;xz—az,xy—a’ ) 1a mot VTPT.
Tacd (SAM ) L (SMN)<>| AS; 4M |[ SM;SN |=0

(:)az(az—yz)+xz(xz—az)=O<::>a(a—y)+x(x—a)=0<::>xz+a2 =a(x+y).
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Cau 2:

Cho hinh chép S.ABC c¢6 SA vudng goc voi mat phang day. Goi M 1a trung diém cia BC va H
1a trung diém cuia AM . Biét HB = HC, HBC = 30°; goc giita mat phang (SHC ) va mit phing
(HBC ) bang 60°. Tinh cosin ctia goc giita duong thang BC va mit phang (SHC ) ?

NEER p Y13, ¥ p. L
2 4 4 2
Huéng din giai
Chon B
T M 1a trung diém cia BC va H 1a trung diém cua AM , HB= HC suy ra AM 1 BC, hay
tam gidc ABC cén dinh 4.
a3 a

Dt BC=a:BM=%.D0 HBC =30° suy ra HM=T:AM=T3.Dat SA=b.

bat hé truc toa do nhu hinh vé:

Taco 4(0;0;0), B 3;&;0 , C| -
2" 3
Tacod HC = —E;Q;O ;Eﬁ: 0;&;—b .
2" 6 6

ab\/g. ab azﬁ}

6~ 27 12
Suy ra (SHC) ¢6 mot véc-to phap tuyén 1a n; = (2b\/§ :6b; a3 ) .

Nen [ C. 577 - (_

Mit phing (HBC) c6 mot véc-to phap tuyén la & = (0;0;1).
Goc gitra mat phang (SHC ) va mit phang (HBC ) bang 60° nén

i
cos((SHC),(HBC)) ZW & c0s60° = NI
o 1262 + 3657 + 34 =2‘a\/§‘ ob= af.

3a 303

Khi d6 1 = [7, ;a\/g} duong thing BC ¢ véc-to chi phuong i = (1,0;0).

2
Goi ¢ la goc giita duong thang BC va mit phang (SHC ) ,taco
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3a

_md _ _

R s

2
Do d6 cos @ =+/1—sin’ ¢ = /1—(?} =—

Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh vudng canh a, mit bén S4B 1a tam giac déu va
nam trong mit phang vudng goc voi mit phang (ABCD) . Goi G latrong tdm cua tam giac SAB
va M, N lan luot 1a trung diém cua SC, SD (tham khao hinh v& bén). Tinh césin ctia goc giita hai
mit phang (GMN) va (ABCD).

NEEEN NRIES p. Y3,
13 13 _ 6
Huwéng dan giai
g
l\\l N
¢ \-- \ M
R N -
H=0 \/ g
/H D
Chon h¢ truc toa d6 Oxyz nhu hinh vé. Khi d6
S O;O;ﬁ ; A _—a;O;O ; B g;0;0 ;C g;a;O ;D _—a;a;O
2 2 2 2 2
suyra G| 0;0;—— a3 s M g;g;& ;N =52 i
6 42 4 42 4
Ta c6 mit phang (ABCD) c6 vecto phap tuyén 1 k =(0;0;1), mat phang (GMN )c6 vecto phap
£ o 3. a
tuyénla n=| GM;GN 0———
st 7707043

Goi a la goc giira hai mat phang (GMN ) va (ABCD) ,taco
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Cau 4:

Cau 5:

239

1
COoSo = - = 4 =
EICIRE
2

Cho hinh chép S.ABC ¢6 ddy ABC 14 tam gidc vuéng tai 4, ABC=60°, BC=2a. Goi D la
diém théa man 3SB = 2SD . Hinh chiéu ctia S trén mit phing (ABC ) ladiém H thudc doan BC
sao cho BC =4BH . Biét SA4 tao v6i day mot goc 60°. Goc giita hai dudng thing AD va SC

bang
A. 90°. B. 30°. C. 60°. D. 45°.
Huéng dan giai

A

Tacé AH? = BH? + BA®> —2.BH .BA.cos60° = %+ -2
an60° = 7 SH = AH A3 =22
AH 2

Chuén héa va chon hé truc toa d6 sao cho H(O; O;O) , C(%;O;Oj , A[O;g;OJ , S(O; O;%) ,

B(—l;O;Oj, SB =(—l;0;—§] = ST)z(—é;O;—g) = D(—E;O;—gj.
2 2 2 4 4 4 4

(\/g; 2;\/3) la mot vtep cua 4D .

Tacéd DA= E;—3;3 =1u
42 4

Tc:(%;o;-%j:»v:(l;o;—l) la mot vtep cia SC . Tacod uv=0= AD 1L SC

Viy goc giita hai duong thing 4D va SC bang 90°.
Cho hinh 13p phuong ABCD.A'B'C'D'’ canh bang a. Lay diém M thudc doan AD', diém N

thudc doan BD sao cho AM =DN =x, (0 <x< #] Tim x theo a dé doan MN ngén nhét.

a. B.xza‘ﬁ. C.xza‘ﬁ. D. x=2.
2 3 4 3

Huwéng din giai

A. x=
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Chon hé truc tga d6 Oxyzsaocho O= A", A'D'=0x, A'B'=0y, A/4=0z.
A'(0,0;0), D'(a;0;0), B'(0;a;0), 4(0;0;a), D(a;0;a), B(0;a;a), C'(a;a;0), C(a;a;a).

X aN2 —x aN2—-x x
M| —=;00—F——|, N| —=——=:a |.
F 5w
2 2
:>MN2Z(\/Ex—a)2+%+%=3x2—2\/§ax+az=3[x2—2gax+2ij+a—.
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— MN? :3(x—Tj +%. Vay MN ngén nhét @x=%.
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